Abstract. A three-complex-parameter class of orthogonal Laurent polynomials on the unit circle associated with basic hypergeometric or q-hypergeometric functions is considered. To be precise, we consider the orthogonality properties of the sequence of polynomials 
Introduction
Given the double sequence {μ n } ∞ n=−∞ of complex numbers, let the linear functional M on the space of Laurent polynomials be defined by The functional M can be referred to as a moment functional. Let D n , n = 0, 1, . . ., be the associated Toeplitz determinants as given by:
We consider the sequence of polynomials {Q n } that satisfies
where Q n , for any n ≥ 0, is a monic polynomial of degree n. If the moment functional M is such that D n = 0, n ≥ 0, then we will refer to it as a semi-definite There have been different nomenclatures used with respect to such polynomials in recent years. The polynomials Q n are related to orthogonal Laurent polynomials considered by, for example, Hendriksen and van Rossum [11] and Jones and Thron [15] , in the sense that the Laurent polynomials
satisfy the orthogonality relations M[B n (z)B m (z)] = δ n,mρn , n, m = 0, 1, 2, . . . . With the monic polynomials {Q n } given bŷ
we obtain the biorthogonality relations M[Q m (1/z)Q n (z)] = δ n,m ρ n , n, m = 0, 1, 2, . . . . Hence, Zhedanov [32] calls such polynomials Laurent biorthogonal. With respect to the moment functional
Polynomials satisfying such orthogonality relations have been referred to as L-orthogonal polynomials in some earlier contributions, including [1] , of one of the present authors. We remark that Zhedanov [32] uses the definition L[z n ] = μ n , n = 0, ±1, ±2, . . . , for his moment functional and
In a recent manuscript [17] , {Q n } has been called a sequence of monic Szegő type polynomials when M is such that D n = 0 and μ −n = μ n for n ≥ 0. In this case the Zhedanov [32] biorthogonality can be written as
However, if M is such that D n > 0 and μ −n = μ n , n ≥ 0, then this moment functional is known as a positive definite moment functional and the sequence of polynomials {S n } = {Q n } are known as monic Szegő polynomials. Now we must
is a positive measure on the unit circle C = {z = e iθ : 0 ≤ θ ≤ 2π}. Since the integration is along the unit circle,
and the associated sequence of monic Szegő polynomials {S n } are usually defined by
. With his publications [28] and [29] , Szegő introduced these orthogonal polynomials on the unit circle in the early 20th century. Many interesting results on these polynomials can be found in his classical book [30] , the first edition of which was published in 1939. Since then, these polynomials which bear the name of Szegő were extensively studied by many. We cite, for example, [5] , [6] , [7] , [10] , [19] , [20] , [22] , [25] and [27] as some of the very recent contributions. The recent publications of the two excellent volumes [23] and [24] by Simon have given a boost to the interest in studying these polynomials. We also cite the recent book [13] by Ismail containing a nice chapter on these orthogonal polynomials on the unit circle.
Some information on the Szegő polynomials with respect to the measure dμ(
λ dθ, defined for η, λ ∈ R and λ > −1/2, are provided in [27] . It was shown that these Szegő polynomials are constant multiples of the hypergeometric polynomials 2 
Results used in [27] have an important root in the paper [11] of Hendriksen and van Rossum, where these authors look at T-fractions and orthogonal Laurent polynomials originating from three-term contiguous relations satisfied by the hypergeometric functions 2 F 1 (a, b; c; z).
In this paper, using a three-term contiguous relation satisfied by q-hypergeo-
, we obtain information on the three-parameter
on the unit circle C = {z = e iθ : 0 < θ < 2π}, where the monic polynomials Q 
Here the constant τ 
as a five-real-parameter class of orthogonal Laurent polynomials. The class of polynomials considered here is somewhat different and broader than the class of orthogonal Laurent polynomials {z
that follows from Pastro [21] , where
with |q| < 1, α > 1/2 and β > 1/2. Pastro shows that the polynomials P n (−z, α, β) are the Laurent biorthogonal polynomials with respect to the semi-definite moment functional given bỹ
These Pastro polynomials can be considered as belonging to a class with the three real parameters α, β and, say, ϑ if one assumes theq to be such thatq = |q|e iϑ . An explicit expression for the momentsM (α,β) [z −n ] is found in Vinet and Zhedanov [31] .
Note that the moment functionalM (α,β) can only be made positive definite with the choice −1 <q < 1 and α = β > 1/2. Thus with this choice, Pastro [21] recovers the class of real Szegő polynomials previously described by Askey [4, p. 806] .
By a special choice of the parameters b, c and d we also obtain in the present manuscript information regarding the class of (complex and real) Szegő polynomials S (λ,η,φ) n characterized by the reflection coefficients
where λ, η, φ ∈ R and λ > −1/2. The parameter φ, which comes from Im(d), induces only a rotation and can be made equal to zero without any loss of generality. The polynomials obtained by taking η = φ = 0 and λ > −1/2, for example, coincide with the real Szegő polynomials of [21] and [4] , obtained when 0 <q < 1 and
The paper is organized as follows. In Section 2 we present some fundamental results on three-term recurrence relations, continued fractions and basic hypergeometric functions, which we will be using in later sections. In Section 3 we define the monic q-hypergeometric polynomials Q 
Some preliminary results
Let {Q n } be the sequence of polynomials given by the three-term recurrence relation
Lemma 2.1. Let β 1 = 0 and α n+1 = 0 for n ≥ 1. Given any sequence {h n } of arbitrary complex numbers h n (or complex functions h n (z)), let the sequence of
Proof. Let the sequence of polynomials {R n } be such that
with R 0 (z) = 0, R 1 (z) = β 1 . Then from basic results on continued fractions (see, for example, [14, 18] )
Hence,
Therefore, the lemma follows from
As a particular case of this lemma, if one takes 
Proof. First note that Q n (0) = β 1 β 2 · · · β n = 0. Now from (2.2) by considering the expansions of G n (0; z) about the origin and infinity there exist power series
3) holds. With respect to these power series coefficients, if we define the moment functional M by (1.1), then the lemma follows from the linear system on the coefficients of Q n and R n obtained from (2.3).
For a, b, c ∈ C, c = 0, −1, −2, . . . and 0 < |q| < 1, the 2 Φ 1 q-hypergeometric or the 2 Φ 1 basic hypergeometric function (hypergeometric function with base q) may be defined by
for |z| < 1 and by analytic continuation for other values of z ∈ C. Here, (q a ; q) 0 = 1 and ( 
Proof. From contiguous relations obtained by Heine (see [8, p. 22] ), we consider the following:
which hold for c = 0, −1, −2, . . . . Substitution for 2 Φ 1 (q a+1 , q b ; q c ; q, z) in the first relation using the other gives the required result.
We will be using the q-binomial theorem (see [16, Eq. 
for n ≥ 0, which hold when c = 0, −1, −2, . . . and b = −n + 1, −n + 2, −n + 3, . . . .
q-orthogonal Laurent polynomials
From now on we restrict the value of q to be such that 0 < q < 1. Then for any b ∈ C we have q b = qb and |q b | = q Re(b) .
, n ≥ 0.
Then from Lemma 2.3,
, n ≥ 0, 
for n ≥ 1. This leads to the continued fraction expansion (3.1)
.
Also assuming b = −1, −2, . . . , this can be written in the equivalent form
, where β } be given by
, where
Then the polynomials Q
satisfy the orthogonality relations
with respect to the semi-definite moment functional
Here,
Proof. = 0, n ≥ 1, and hence from Lemma 2.2 there exists a semi-definite moment functional such that (3.4) holds.
To obtain the values of μ
. . , let us consider the functions Then from Lemma 2.1 and the continued fraction expansion (3.2),
, from the latter part of Lemma 2.2,
thus giving the results for the positive moments. From (3.1), by realizing that g
, n ≥ 1, we also obtain the continued fraction expansion
Hence, again from Lemma 2.1,
Thus, using (a, q) n = (a; q) ∞ /(aq n ; q) ∞ , for n = 0, ±1, ±2, . . . , we also obtain the results for the negative moments. = 0 and β The same explicit expression for the moments, when the moment functional is considered as in Pastro [21] , is obtained in [31] .
From the three-term recurrence relation (3.3) it follows that 
Proof. Part a) of this theorem is clear. To obtain parts b) and c) we use the definition
of the q-gamma function. 
Hence, multiplying by z −j−1 and integrating along the unit circle we obtain from Laurent's theorem 
